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Ballistic Impact Behavior of Thick Composites:
Analytical Formulation
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Indian Institute of Technology Bombay, Mumbai 400 076, India

Structures undergo different loading conditions during their service life. Impact is one of the typical cases of
loading. In this study, an analytical method is presented for the prediction of ballistic impact behavior of thick
composites based on wave theory and energy balance between the projectile and the target. For thick composites
the wave propagation along the thickness direction is also considered. During the ballistic impact event, energy
transfer takes place from the projectile to the target. As the energy is absorbed by different mechanisms, kinetic
energy and velocity of the projectile decrease. Different damage and energy-absorbing mechanisms for a typical
woven fabric composite are compression of the target directly below the projectile, possible reverse bulge formation
on the front face, compression in the surrounding region of the impacted zone, tension in the yarns, shear plugging,
bulge formation on the back face, delamination and matrix cracking, friction between the target and the projectile,
and heat generation caused by impact. Based on the analytical method presented, typical results are generated and
compared with the experimental values.

Nomenclature
A = cross-sectional area of the projectile
Aql = quasi-lemniscate area reduction factor
Ay = cross-sectional area of the yarn
d = diameter of the projectile
dci = deceleration of the projectile during a given

time interval
E = energy
Ebb = energy absorbed due to bulge formation on the back

face of the target
Ecf = energy absorbed due to compression of the target

directly below the projectile
Ecsy = energy absorbed due to compression of yarns in the

surrounding region of the impacted zone: region 2
Edl = energy absorbed due to delamination
Efr = energy absorbed due to friction
Ehg = energy absorbed due to heat generated
Emc = energy absorbed due to matrix cracking
Emt = energy absorbed by matrix cracking per unit volume
Erb = energy absorbed due to reverse bulge formation

on the front face of the target
Esp = energy absorbed due to shear plugging of the yarns
Etf = energy absorbed due to tension in the yarns in a layer
ETOTAL = total kinetic energy lost by the projectile
F = total force/contact force
Fc = compressive force
Fi = inertial force
GIIcd = critical strain energy release rate in mode II
h = thickness of the target
hl = thickness of each layer
hlc = thickness of a layer after compression
h p = length of the plug
K = numerical constant (depends on the shape

of the projectile)
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KEp = kinetic energy of the projectile at a particular
time interval

KEp0 = kinetic energy of the projectile: incident
l = length of the projectile
m = mass of the projectile
m0 = initial mass of the projectile
nlfs, ns = number of layers failed due to shear plugging
nlft = number of layers failed in tension
nlsc = number of layers strained in compression
Pd = percent delaminating layers
Pm = percent matrix cracking
r = radius of the projectile
Ssp = shear plugging strength
t = time/contact duration
V = incident impact velocity/velocity
VBL = ballistic limit velocity
V f = fiber volume fraction
Vi = velocity of the projectile at the i th instant
Vzl = velocity of compressive-stress wave in z direction
Vzt = velocity of shear-stress wave in z direction
xd = distance up to which damage has reached
xl = distance the longitudinal wave has traveled

in x direction
xll, rp = distance the longitudinal wave has traveled

in x direction in a layer
xllc = change in length of the yarn after tension
xt = distance the transverse wave has traveled

in x direction
xtl, rt = distance the transverse wave has traveled

in x direction in a layer
z = total depth the projectile has penetrated/projectile

displacement
zi = depth of projectile penetrated during a given

time interval
zl = distance the compressive-stress wave has traveled

in z direction
zpl = distance by which a layer has moved in forward

direction from its original position
zt = distance the shear-stress wave has traveled

in z direction
γ = shear strain
�hlc = thickness by which a layer is compressed
�t = increment in time interval
εcz = compressive strain along the thickness direction
εmax = ultimate strain
εt = tensile strain along the radial direction
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εtxl = tensile strain in x direction in a layer
ρ = density of the target material
σcz = compressive stress along the thickness direction
σmax = ultimate stress
σt = tensile stress along the radial direction
σtx = tensile stress along the radial direction
τ = shear stress

I. Introduction

C OMPOSITE materials are increasingly used in primary com-
ponents in aerospace, marine, and civil applications. They offer

significant advantages over the traditional metals/alloys by virtue of
their high specific stiffness and high specific strength. They are de-
signed to achieve unique mechanical and thermal properties and
superior performance characteristics.

As technologies of composites manufacturing are advancing and
applications of composites to nonaerospace industries are increas-
ing, more and more thick section composites are used in structural
designs. Thick composites behave differently compared to thin com-
posites under impact loading conditions.

Based on the phenomenon of energy transfer between the projec-
tile and the target, energy dissipation and damage mechanisms, the
impact phenomenon is classified into three categories: low-velocity
impact, high-velocity impact, and hypervelocity impact. The reason
for this classification is that energy transfer between projectile and
target, energy dissipation, and damage mechanisms in the target un-
dergo drastic changes as the velocity of the projectile changes. An
impact event is considered to be a low-velocity impact if the contact
duration of impact is longer than the time period of the lowest vi-
brational mode of the structure. On the other hand, in high velocity
or ballistic impact the contact duration of impact is much smaller
than the time period of the lowest vibrational mode of the structure.
Hypervelocity impact involves projectiles moving at extremely high
velocities such that the local target materials behave like fluids. Bal-
listic impact is an impact caused by a propelling source, generally
of low mass and high velocity.

It is important to understand the energy dissipation and the dam-
age mechanisms of composites. Available experimental studies in
the literature are specific to certain types of materials under certain
ballistic impact conditions.1−14 Based on these experimental studies,
the ballistic impact behavior of a class of composite materials can-
not be understood. For complete understanding of this phenomenon,
analytical studies are needed. Few analytical studies are available in
literature.9,15−24 But the analytical models presented are not com-
plete, and they do not take into account all of the energy-absorbing
and damage mechanisms. More analytical studies are needed based
on all energy-absorption mechanisms. Considerable attention has
been given to understand the ballistic impact on thin composites.
Relatively less progress has been made in understanding the behav-
ior of thick composites under ballistic impact.

II. Impact Loading on Bodies
When an impact load is applied to a body, the stresses are set

in. But the stresses are not immediately transmitted to all parts of
the body. The remote portions of the body remain undisturbed for
sometime. The stresses progress in all directions through the body in
the form of disturbances of different types. In other words, stresses
(and its associated deformations or strains) travel through the body
at specific velocities. These velocities are functions of the material
properties. Regardless of the method of application of impact load,
the disturbances generated have identical properties based only on
the target material properties. The progressions of the stress distur-
bances are called waves.25

During an impact event, different types of waves propagate in the
bodies depending on how the motion of the particles of the body is
related to the direction of propagation of the waves and the boundary
conditions. A particle can be defined as a small discrete portion of
the solid. The most common types of waves in bodies are given in
Ref. 25.

III. Thick Composites Analysis
During an impact event, the stress wave propagation takes place

in all of the directions. Generally, this problem is analyzed using
one-, two-, or three-dimensional approaches. A one-dimensional
approach is based on string analysis,24,26 whereas a two-dimensional
approach is based on membrane analysis.23 In such studies the wave
propagation along through the thickness direction is not considered.
When these approaches are used to analyze structures, isotropic as
well as orthotropic, it is assumed that the deformation behavior
along the thickness direction of the target is the same along the
entire thickness. Such an assumption can be made for targets of
lower thickness or, in other words, can be used for thin plates. If the
thickness of the plate is increased, the deformation and the induced
stress behavior of the plate would be different at different locations
along the thickness direction. For such cases the analysis is based on
also considering the wave propagation along the thickness direction.

IV. Different Energy-Absorbing Mechanisms
Different energy-absorbing mechanisms are compression of the

target directly below the projectile, possible reverse bulge forma-
tion on the front face, compression in the surrounding region of the
impacted zone, tension in the yarns, shear plugging, bulge forma-
tion on the back face, delamination and matrix cracking, friction
between the target and projectile, and heat generation due to im-
pact. Different materials respond differently because the dominant
energy-absorbing mechanisms can be different for each case. Im-
pacted materials can fail in a variety of ways. The actual mechanisms
depend on such variables as projectile size, shape, mass and velocity,
and target material properties and geometry and relative dimensions
of the projectile and target. Figure 1 shows different damage and
energy-absorbing mechanisms in thick composites during ballis-
tic impact event. Although one of these can dominate the energy-
absorbing process, it would frequently be accompanied by several

Fig. 1 Different damage mechanisms in thick composites during bal-
listic impact event.



NAIK AND DOSHI 1527

Fig. 2 Front view of a typical woven fabric thick composite target
during ballistic impact event.

other modes. A front view of a typical woven fabric thick composite
target is shown in Fig. 2. The yarns directly below the projectile are
called primary yarns. These yarns provide the resistive force to the
projectile penetration into the target. The remaining yarns within
the region up to which the longitudinal wave has reached along the
radial direction are called secondary yarns. During the impact event,
compression of the target takes place directly below the projectile.
This region is referred as region 1. As a result of compression in
region 1, the surrounding region would be under tension along the
radial direction. This region is referred as region 2.

Generally, the impact event can be divided into three stages. Dur-
ing the first stage, the projectile strikes to the target, and compres-
sion of the target takes place directly below the projectile face. As
the compression progresses, the material would flow predominantly
along the thickness direction. Material flow can also be in the radial
direction as well as toward the front face of the target. Material flow
toward the front face of the target leads to the deformation along that
direction. This is called as reverse bulge formation on the front face.
This stage would continue until through-the-thickness compressive
wave reaches to the back face of the target. During this stage, com-
pressive stresses are generated within the target directly below the
projectile. As a result of this, the surrounding region would be under
tension along the radial direction.

Additionally, because of the impact force shear stresses are gen-
erated within the target around the periphery of the projectile. Any
of these stresses could lead to failure of the target. As the projectile
moves further, the yarns in region 2 of the upper layers exert pres-
sure on the yarns in region 2 of the lower layers. In other words,
compressive deformation of the yarns takes place also in region 2.
Because of the compression of the layers, as well as possible failure
of the target by different modes, the projectile moves further. This
leads to bulge formation on the back face. This is the second stage
of impact. Along with bulge formation on the back face, failure of
the yarns/layers would take place by different mechanisms in the
upper layers of the target. This process continues, and the projectile
moves further. A clear plug formation can take place in front of
the projectile. Also, the yarns/layers can fail in tension on the back
face because of bulge formation.

During the third stage, the projectile moves further, and the plug
and the projectile exit from the back face of the target. During the
entire ballistic impact event, in-plane matrix cracking and delam-
ination between the layers can also take place. As the projectile
penetrates into the target and starts moving further, frictional forces
act between the projectile and the target. Heat can also be gener-

ated during this process. Possible energy-absorbing mechanisms are
discussed next.

A. Compression
When the specimen is impacted, initial compression takes place

within the target directly below the projectile. As the induced stress
exceeds the elastic limit, the specimen goes into plastic range. At
this stage there can be higher compressive stress in the target directly
below the projectile. Also, there can be tensile stress in the radial
direction in the upper layers in region 2 and the shear stress along
the thickness direction. During this stage, the failure can take place
as a result of any of these mechanisms. Compression of the target
continues until the compressive wave reaches to the back face of
the target. The bulging process starts as soon as the compressive
wave reaches to the back face of the target. During the compression
stage, the material can fail in the form of matrix cracking. But the
penetration of the projectile into the target is possible only after the
yarns are broken either by shear plugging or as a result of in-plane
tensile stress along the radial direction or as a result of the combined
effect of both the mechanisms.

B. Reverse Bulge Formation on the Front Face
The reverse bulge formation can take place on the front face of

the target. The effect is caused by the initial compression of the
target and possible material flow toward the front face of the target.
Delamination and matrix cracking contribute to bulge formation to
some extent. This takes place during the first stage. Bulge formation
also occurs as a result of the heat generated during the initial part of
the impact.

C. Compression in the Surrounding Region of Impacted
Zone: Region 2

During the impact event, compression of the target takes place
directly below the projectile. This region is referred as region 1. As
a result of compression in region 1, the surrounding region would be
under tension along the radial direction. This region is referred to as
region 2. Additionally, because of the impact force shear stresses are
generated within the target around the periphery of the projectile.
As the projectile moves further, the yarns in region 2 of the upper
layers exert pressure on the yarns in region 2 of the lower layers. In
other words, compressive deformation of the yarns in region 2 also
takes place.

D. Yarns in Tension
Tensile failure of the yarns can take place on the front face as

well as on the back face of the target. The tensile strain in the yarns
varies with depth of the target and also with time. The tensile strain
in the radial direction depends on the compressive wave propagation
along through-the-thickness direction. Initially, the tensile strain in
radial direction would be present only in the upper layers. As the
compressive wave progresses toward the back face, the tensile strain
in the radial direction would also be induced in the further layers.
The tensile strain in the radial direction near the lower layers is
essentially because of bulge formation on the back face. The bulge
formation starts as soon as the compressive wave reaches to the
bottom layer. Tensile failure would take place here as a result of
stretching of the yarns. The strain in the bottom layer would now
increase, and the layer would fail as the strain reaches to the limit.
The failure of the yarns continues until the shear wave reaches to
the back face or the complete failure of the target takes place. The
strain in the yarns at the center would be more and would decrease
gradually in the adjacent yarns. Even those yarns that do not fail in
tension, but are in tension, can also absorb some energy.

E. Shear Plugging
Because of the contact force generated during the impact event,

shear stresses are generated within the target around the periphery
of the projectile. As the induced shear stress exceeds the permissi-
ble shear plugging strength, the yarns/layers would break. Also the
layers can fail because of the radial tensile stress. The shear plug
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can be formed as a result of shear plugging failure or tensile failure
or as a result of the combined effect of both. High stresses are cre-
ated at the point of impact. The material around the periphery of the
projectile is sheared and pushed forward, causing a hole or “plug.”
Upon impact on the target, if the projectile energy is sufficient to
cut the fibers by shear plugging, the first layer would fail because
of shear plugging. This process would continue in the further layers
until the kinetic energy of the projectile is more than the energy
necessary to break the yarns either by shear plugging or breaking
of yarns by induced tensile stress. Otherwise, the yarns are pushed
forward, leading to bulge formation on the back face. The final fail-
ure would take place because of the induced tensile stress along the
radial direction.

F. Bulge Formation on the Back Face
When the target is impacted transversely, compressive wave trav-

els along the thickness direction. As soon as the wave reaches the
back face of the target, the bulge formation starts. Bulging initiates
the tensile failure of the fibers on the back face of the target. The
strain varies along the thickness direction and also with time. The
bulge formation continues until the material of the target fails either
in tension or as a result of shear plugging or the combined effect
of both. The bulge formation on the back face would stop if the
velocity of the projectile reaches zero within the target.

G. Delamination and Matrix Cracking
During transverse impact event, compressive wave and shear

wave propagate along the thickness direction. Also tensile and shear
wave propagate along the radial direction within the layers. During
this stage, as the induced stress exceeds the damage threshold stress,
damage initiation would take place within that region. The damage
can be in the form of delamination or matrix cracking. Delamination
can also take place because of the bulging effect on the back face of
the target.

H. Friction Between Projectile and Target and Heat Generation
During the ballistic impact event, the fiber/yarn breakage takes

place because of shear plugging, tension in fibers/yarns, or because
of the combined effect of both. As a result of this, a plug is formed
in front of the projectile face. If the complete kinetic energy of the
projectile is not absorbed by the target until the plug is formed, the
projectile and the plug would move further toward the back face of
the target. During this stage, there would be friction between the
projectile and the target. This would absorb some kinetic energy of
the projectile. In such cases when projectile has just enough kinetic
energy to fracture all of the yarns but not enough kinetic energy to
overcome the frictional resistance, the projectile can get stuck in
the target. The extent of resistance offered by the target depends
on the type of fit generated between the projectile and the damaged
target. In other words, it depends on the surface condition of the hole
formed within the target because of fiber/yarn breakage. When the
projectile is moving within the target and the frictional resistance
is offered, it can lead to local temperature rise. This would absorb
some energy in the form of heat energy.

V. Analytical Formulation
As the projectile impacts onto the target, it loses some of its en-

ergy. This energy is absorbed by different energy-absorbing mecha-
nisms of the target such as compression of the target directly below
the projectile Ecf, reverse bulge formation on the front face of the
target Erb, compression of yarns/layers in the surrounding region of
the impacted zone Ecsy, tension in the yarns in the layer Etf, shear
plugging of the yarns Esp, bulge formation on the back face of the
target Ebb, delamination Edl, matrix cracking Emc, friction Efr, and
heat generated Ehg. Here, an analytical formulation is presented for
the prediction of ballistic impact behavior of thick composites. The
formulation is based on energy balance between the projectile and
the target and the wave theory. The energy-absorbing mechanisms
just mentioned are considered in the formulation. The main objec-
tive of the analytical formulation is to predict the ballistic limit,

contact duration, and damage shape and size. The input parameters
required are the geometrical and mechanical characteristics of the
target and projectile.

Stress waves are generated within the target when it is impacted by
the projectile. Because of transverse impact, compressive wave and
shear wave propagate along the thickness direction, and tensile and
shear wave propagate along the radial direction. The projectile ap-
plies forces on the target. The forces acting are the compressive
force, inertial force, and frictional force. These forces act at various
stages of the impact event. The impact phenomenon can be divided
into three stages. In the first stage, the compression of the target
takes place directly below the projectile. During the first stage the
failure can take place as a result of tensile strain exceeding the per-
missible limit or as a result of shear plugging. During this stage,
the reverse bulging of the target on the front face can take place.
The first stage ends when the compressive wave along through the
thickness direction reaches to the back face of the target.

Then the second stage starts. In this stage, the shear plug formation
and bulge formation at the back face of the target take place. The
bulge formation can lead to tensile failure of the fibers on the back
face. The second stage ends when the material completely fails.
The failure might be caused by shear plugging or tensile failure
or the combined effect of both. Then the third stage starts. During
this stage, the plug forms, and the projectile starts moving forward
toward the back face of the target. A typical situation would be
when the plug has exited from the back face of the target and the
front tip of the projectile has just reached to the back face of the
target with zero velocity. The incident ballistic impact velocity that
leads to such a case is defined as ballistic limit velocity. The energy
is absorbed by friction between the plug/projectile and the target.

The total kinetic energy of the projectile lost during the ballistic
impact event is equal to the total energy absorbed by the target until
that time. It is given by the following relation:

ETOTALi = Ecfi + Erbi + Ecsyi + Etfi + Espi + Ebbi

+ Edli + Emci + Efri + Ehgi (1)

The following assumptions are made in the analytical formulation:
1) Projectile impact is normal to the surface of the target.
2) The projectile is cylindrical with a flat end and perfectly rigid.
3) The compressive stress is experienced along the thickness di-

rection only within those layers through which the compressive
wave has traveled. Also, compressive strain is uniform within those
layers.

4) The shear plugging stress is experienced along the thickness
direction only within those layers through which the shear wave has
traveled. Also, shear plugging stress is uniform within those layers.

5) The plug formed is freely moving forward without offering
any resistance with the target except the frictional resistance.

6) The peak tensile strain within the yarns is at the periphery
of the projectile. Hence, the tensile failure of the yarns would take
place at the periphery of the projectile.

7) The velocity of the projectile remains constant during each
time interval.

The analytical formulation for the three stages is presented next.

A. Stage 1
As the projectile is impacted onto the target, the through-the-

thickness compressive and shear waves along the thickness direction
and tensile and shear waves along the radial direction are generated
in the target. At this stage, the forces acting on the projectile are
inertial force and compressive force. The inertial force is not uni-
formly distributed over the nose surface but depends on the shape of
the nose. The inertial force is calculated by equating the work done
by the reaction of the inertial force on the target to the change in the
kinetic energy of the displaced material.27 From this the following
relation is obtained:

Fi = 1
2 ρK AV 2(z) (2)

For the cylindrical projectile with a flat end, K = 1 (Ref. 27).
The compressive force is distributed uniformly on the projectile
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nose surface in the direction of motion. It is given by the following
relation:

Fc = σcz(z)A (3)

The total force acting on the projectile is given by

F = Fi + Fc (4)

These forces are acting on the effective mass of the projectile. The
effective mass of the projectile includes the material of the target
displaced by the projectile moving with it. The effective mass of
the projectile used in the equation is, therefore, m0 + ρ Az. This is
based on considering the projectile has moved by a distance z. The
equation of motion for the penetration process is

d

dt
(mV ) = Fi + Fc

d

dt
(mV ) = V

dm

dt
+ m

dV

dt
= 1

2
Kρ AV 2 + σcz(z)A (5)

The rate of change of effective mass of the projectile is

dm

dt
= ρ A

dz

dt
= ρ AV,

dV

dt
= dV

dz

dz

dt
= V

dV

dz
(6)

Substituting Eq. (6) into Eq. (5), the following relation is obtained:

ρ AV 2 + (m0 + ρ Az)V
dV

dz
= 1

2
Kρ AV 2 + σcz A (7)

The preceding equation is solved by separation of variables to
calculate the velocity,27 and the expression of velocity is obtained as

V (z) =
{[

V 2
i + σcz(z)

ρ(1 + 0.5K )

]

×
(

m0/ρ A

m0/ρ A + z

)2 + K

− σcz(z)

ρ(1 + 0.5K )

} 1
2

(8)

The time required for the projectile to penetrate distance z is
calculated by the following expression:

t =
∫ z

0

1

V (z)
dz =

∫ z

0

{[
V 2

i + σcz(z)

ρ(1 + 0.5K )

]

×
(

m0/ρ A

m0/ρA + z

)2 + K

− σcz(z)

ρ(1 + 0.5K )

}− 1
2

dz (9)

The velocity calculated by this method is used only for the first
time interval. After the calculation of the velocity, the energy ab-
sorbed by different energy-absorbing mechanisms during this time
interval is calculated. Knowing the initial kinetic energy of the pro-
jectile and the energy absorbed during the first time interval, the
velocity of the projectile for the next time interval is calculated. By
knowing the velocity, various parameters such as displacement of
projectile, strain, contact force, and energy absorbed by different
mechanisms are calculated for the given time interval. This pro-
cedure continues until the compressive wave reaches to the back
face of the target. The shear wave follows the compressive wave
in through-the-thickness direction. The formulation for the calcula-
tion of the distance traveled by the compressive wave and the shear
wave along the thickness direction is presented later. At this point it
is necessary to check whether the material has failed in compression,
tension, or shear. As the compressive wave passes along the thick-
ness direction, the corresponding layers would fail if the induced
compressive strain exceeds the permissible compressive strain. The
compressive failure can be in the form of matrix cracking, and the
fibers might not have broken. In such a case the penetration of the

projectile into the target would not take place. The penetration would
take place either by shear plugging of the layers or by tensile failure
of the yarns within the layer. Shear plugging would take place if the
induced shear plugging stress exceeds the shear plugging strength.
The tensile failure of the material is calculated layer by layer as the
tensile strain in each layer at each time increment is different. The
energy is absorbed as a result of any of these failure mechanisms.
The detailed calculations of the energy absorbed as a result of dif-
ferent failure mechanisms are given in the next section. The first
stage ends, and the second stage starts as soon as the compressive
wave along through the thickness direction reaches to the back face
of the target.

B. Stage 2
The second stage begins as the compressive wave reaches to the

back face of the target. As the second stage starts, the shear plugging
or tensile failure from the front face of the target continues. The
bulge formation at the back face also starts. The bulge formation
stops when the material fails either in tension or shear plugging or
because of the combined effect of both. The energy is absorbed by
these failure mechanisms. Based on the energy absorbed by different
mechanisms, the velocity for the next time interval is calculated. The
second stage ends when the complete material failure takes place
either because of shear plugging or tension in the yarns or because
of the combined effect of both. After this the third stage starts.

C. Stage 3
The target fails during the second stage, and the plug formation

takes place. The plug forms, and the projectile moves toward the
back face of the target during the third stage. The frictional resistance
would be offered by the target for this movement. The length of the
plug formed, if it is not broken into pieces, can be calculated as

h p = nlfshl (10)

The force acting during this stage would be only the frictional
force. The third stage ends when the tip of the projectile reaches to
the back face of the target.

D. Wave Velocity
Stress waves are generated within the target when it is impacted

by the projectile as a result of transverse impact. Compressive wave
and shear wave propagate along the thickness direction. It is assumed
that the mechanical properties of the material are the same for all of
the layers along the thickness direction. The wave velocities along
the thickness direction are given by

Vzl =
√

1

ρ

dσcz

dεcz
(11)

Vzl =
√

1

ρ

dτ

dγ
(12)

For the elastic waves, E and G are used instead of the local slopes
as given in Eqs. (11) and (12). The distance traveled by compressive
wave and shear wave along the through-the-thickness direction at
any instant of time is

zl = Vzlt (13)

zt = Vzlt (14)

The number of layers through which the compressive wave has
traveled is

nlsc = zl/hl (15)

By knowing these quantities, the compressive strain details along
the thickness direction at various time intervals, and also for different
depth of projectile penetration, are calculated.
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As the projectile is impacted onto the target, tensile and shear
waves along the radial direction are also generated in the target. The
wave velocities can be calculated using Eqs. (11) and (12). But, in
this case, the material properties are with respect to radial direction.

E. Compressive Strain
The compressive strain along the thickness direction is induced

in the target during the first stage. During the second stage, as the
material also moves with the projectile, the compressive strain is
not significant. The compressive strain is experienced along the
thickness direction only within those layers through which through-
the-thickness compressive wave has traveled. It is assumed that the
compressive strain is uniform within these layers. The compressive
strain in each layer at any instant of time is given by

εcz = z/zl (16)

F. Tensile Strain
As the projectile is impacted on the target, compression of the tar-

get takes place directly below the projectile (region 1). As a result
of this, the surrounding region (region 2) would be under tension
along the radial direction. In other words, the yarns in this region
would be stretched. This behavior would be observed only in those
layers that are compressed because of impact. The extent to which
the yarns of different layers are stretched is different for different
layers. The yarns of particular layers fail in tension when the in-
duced tensile strain exceeds the permissible limit. The area under
the tensile stress–strain curve of the yarns/layers is used for calculat-
ing the energy absorbed per unit volume as a result of tension in the
yarns. The volume of the stressed yarn is equal to the cross-sectional
area of the yarn and the distance through which the plastic wave has
traveled in that particular yarn/layer along the radial direction.

The calculation of tensile strain in a particular yarn/layer is given
next. The geometrical details are presented in Fig. 3:

zpl = z − j�hlc, xtl = xt
(nlsc − j)

nlsc

xllc =
√

x2
tl + z2

pl, εtxl = xllc − xtl

xtl + d/2
(17)

where j = 0, 1, 2, . . . , nlsc.
Here, j = 0 indicates upper surface of the first layer, and j = 1 in-

dicates the lower surface of the first layer as well as the upper surface
of the second layer. Also, for the first layer zl = z. Further, xtl = ab
for the second-layer top surface, and xllc = ac for the second-layer
top surface. The expression for strain in Eq. (17) is obtained consid-
ering that the strain is uniform throughout the length of the strained
yarn (Fig. 4). The work done in straining the yarn can be calculated
considering the area under the stress–strain curve and the volume of
the strained yarn. But the strain along the length of the yarn is not
uniform because of the stress wave attenuation as the wave travels

Fig. 3 Schematic arrangement showing tensile deformation behavior
of woven fabric thick composite target during ballistic impact event.

Fig. 4 Tensile strain variation in a yarn along the radial direction dur-
ing ballistic impact event.

along the radial direction in a yarn. The stress would be maximum at
the periphery of the projectile. It would be reducing gradually along
the radial direction. Considering the work done for straining the
yarns would remain the same, whether the strain is uniform along
the length of the yarn or it is varying along the length of the yarn, the
maximum strain at the periphery of the projectile can be calculated.

Considering the strain variation as linear with maximum strain
at the periphery of the projectile and zero at a distance to which
the longitudinal radial wave has reached at that particular time, the
maximum strain is calculated as follows (Fig. 4):

εmax
txl = 2εtxl (18)

As the projectile moves forward during the ballistic impact event,
it pushes the material ahead of it in a forward direction. As a result
of this, the lower layers of the target would be pushed out even
below the lower surface of the target. This phenomenon is bulging
of the yarns/layers on the back face of the target. The yarns present
in these layers would be under tension. These layers can also fail
under tension.

G. Deceleration History
In the beginning of the ballistic impact event, all of the energy is

in the form of kinetic energy of the projectile. As the material fails,
it absorbs some of the energy. The energy balance at the end of i th
time interval is obtained as

KEp0 = KEpi + Ecf(i − 1) + Erb(i − 1) + Ebb(i − 1) + Etf(i − 1) + Esp(i − 1)

+ Ecsy(i − 1) + Edl(i − 1) + Emc(i − 1) + Efr(i − 1) + Ehg(i − 1) (19)

Rearranging the terms in the preceding equation,

1

2
m0V 2 −

i − 1∑
i = 1

Ei − 1 = 1

2
mi V

2
i

or

1
2 mi − 1V 2

i − 1 − Ei − 1 = 1
2 mi V 2

i (20)

Here

E(i − 1) = Ecf(i − 1) + Erb(i − 1) + Etf(i − 1) + Esp(i − 1) + Ebb(i − 1)

+ Ecsy(i − 1) + Edl(i − 1) + Emc(i − 1) + Efr(i − 1) + Ehg(i − 1) (21)

The terms on the right-hand side of Eq. (21) can be calculated for
each time interval. Hence, the velocity of the projectile for the next
time interval is calculated as

Vi =
√(

1
2 mi − 1V 2

i − 1 − E(i − 1)

)
1
2 mi

(22)
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The deceleration of the projectile during i th time interval is obtained
as

dci = Vi − 1 − Vi

�t
(23)

The distance traveled by the projectile during i th time interval is
obtained as

zi = Vi − 1�t − 1
2 dci (�t)2 (24)

The total distance traveled by the projectile is equal to the summa-
tion of the distance the projectile has traveled in each time interval.
The force resisted by the target against the motion of the projectile
is given by

Fi = mi dci (25)

This force is used to determine whether the shear plugging is
taking place. The just-mentioned procedure is continued during all
three stages of the ballistic impact event.

VI. Energy Absorbed by Different Mechanisms
A. Energy Absorbed as a Result of Compression of the Target

The target gets compressed along the thickness direction. Because
of this, compressive strain is induced along the thickness direction.
The total energy absorbed at that instant of time is given by

Ecf = Ap

[∫ εcz

εc = 0

σcz(εcz)dε

]
zl (26)

B. Energy Absorbed as a Result of Compression of Yarns in Region 2
As the projectile is impacted on the target, compression of the tar-

get takes place directly below the projectile (region 1). As a result
of this, the surrounding region (region 2) would be under tension
along the radial direction. Also the surrounding region would be
under compression because of movement of the projectile along the
through-the-thickness direction. Compression in the surrounding re-
gion absorbs some part of the initial kinetic energy of the projectile.
The compression of the yarn is maximum at the periphery of the
projectile and zero at a point up to which the transverse wave has
traveled along the radial direction. A linear variation of compressive
strain is assumed. The volume of the material that has been strained
is obtained by the product of annular area between the projectile
periphery and the distance up to which the transverse wave has trav-
eled and the thickness of the layer. The energy absorbed is obtained
as

Ecsy = 2πh
nlsc∑

j = nlf

∫ xt

d/2

[∫ ε = εcz

ε = 0

σcz(εcz)dε

]
x dx (27)

C. Energy Absorbed as a Result of Tension in Yarns
As the projectile is impacted on the target, compression of the tar-

get takes place directly below the projectile (region 1). As a result of
this, the surrounding region (region 2) would be under tension along
the radial direction. The calculation of tensile strain in a particular
yarns/layer is given in Sec. V. The yarn at the center is strained
the maximum. The yarn fails in tension if the induced tensile strain
exceeds the failure strain. The total energy absorbed as a result of
tensile failure of yarns is given by

Etf = Ay

nlsc∑
j = nlf

∫ xl

0

[∫ εtxl

ε = 0

σtx(εtxl)dε

]
dx (28)

The energy is absorbed by the yarns even before they fail. This is
because of the elongation of the yarns. For such a case the energy
absorbed as a result of yarns in tension would be based on strain
at that time instant, not on the failure strain. The yarns would be
under tension in the surrounding region, within the target, where
the projectile has impacted. Also, the yarns can be in tension in the

lower layers because of bulging of yarns/layers on the back face of
the target. The total energy absorbed as a result of tension is the sum
of the energy absorbed by different yarns.

D. Energy Absorbed as a Result of Shear Plugging
At the point of impact, the compressive and shear waves are gener-

ated along the thickness direction. As the shear wave passes through
a particular layer, if the shear stress exceeds the shear plugging
strength shear plugging failure takes place. As a result of this, plug
formation takes place. The energy absorbed by shear plugging dur-
ing a time interval is given by the product of thickness of the target
that is sheared, shear plugging strength, and the area over which
shear stress is acting. It is given by

�Espi = nshl Sspπdh (29)

The energy absorbed by shear plugging by the end of i th time interval
is given by

Esp =
i∑

n = 1

�Espi (30)

E. Energy Absorbed as a Result of Delamination
and Matrix Cracking

Delamination and matrix cracking absorb some part of the initial
kinetic energy of the projectile. The extent to which composite tar-
get has delaminated and the matrix has cracked until the i th time
interval is calculated on the basis of strain profile along the radial
direction in the composite target at that time interval (Appendix).
The strain at the impact point is the highest, and it decreases along
the radial direction from the point of impact. For the area in which
the strain is more than the damage threshold strain, the target un-
dergoes damage in the form of matrix cracking and delamination.
However, complete matrix cracking does not take place. Evidence
for this phenomenon is provided by the fact that after ballistic im-
pact the matrix is still attached to the fibers and does not separate
from the reinforcement completely. Because of matrix cracking, the
interlaminar strength of the composite decreases. As a result, further
loading and deformation cause delamination. This delamination is
of mode II type. Again, delamination might not occur at all of the
lamina interfaces. Towards the end of ballistic impact event, when
only a few nondelaminated layers are left, these nondelaminated
layers are more likely to bend rather than delaminate.

During the i th time interval, the energy absorbed by delamination
and matrix cracking is given by

Edli = Pdπx2
d AqlGIIcd, Emci = Pmπx2

d Aql Emth (31)

During the ballistic impact event, the contact force is resisted
mainly by the primary yarns; hence, the damage spread would be
more along the primary yarns, that is, along the warp and fill di-
rections compared with other directions. Hence the shape of the
damage zone would be quasi-lemniscate and not circular. During
the analysis, the damage spread along the primary yarns is calcu-
lated. Assuming the damage spread is the same along all of the di-
rections, the damaged area would be circular. The quasi-lemniscate
area prediction factor is introduced to take the area of actual shape.
Quasi-lemniscate area reduction factor is defined as the ratio of area
of quasi-lemniscate region and the corresponding circular area.

F. Energy Absorbed Due to Friction
As explained in Sec. IV, complete shear plugging/tensile failure of

the target takes place during the second stage for the case of incident
impact velocity equal to or greater than ballistic limit velocity, but
the plug formed and the projectile are still within the target region.
As the plug and the projectile start moving further during this stage,
frictional resistance is offered by the target during the movement
of the plug and the projectile. Generally, the plug formed is not in
a solid form. Possibly, it is broken into pieces. Hence, in effect,
the frictional resistance is offered only for the movement of the
projectile.
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Frictional resistance offered by the target toward the movement
of the projectile is a material property. It depends on projectile diam-
eter, length, and surface conditions. It also depends on the diameter
of the hole formed within the target caused by ballistic impact, hole
surface condition, and the target material properties. Frictional re-
sistance is determined experimentally.

VII. Results, Validation, and Discussion
A. Experimental Studies

Typical experimental studies are conducted. The projectile and
target information are given here:

1) The projectile is a cylindrical, flat-ended hardened steel pro-
jectile of diameter d = 6.33 mm, mass m = 5.84 g, and length
l = 24 mm.

2) The target is a woven fabric E-glass/epoxy, unsupported area
of the target 125 × 125 mm, thickness 4–7 mm.

The experimental ballistic limit velocity for the case of 5-mm
thickness was 148 m/s, and for the case of 4-mm thickness was
137 m/s. When the experiment was carried out with the target thick-
ness of 7 mm, complete penetration did not take place even with the
incident ballistic impact velocity of 173 m/s.

Gellert et al.13 conducted ballistic impact experimental studies on
woven fabric E-glass/vinylester composites with target thickness of
19, 14.5, and 9 mm using cylindrical, flat-ended steel projectiles.
The experimental results are given in Table 1.

B. Input Data Necessary for the Analytical
Predictions of Ballistic Impact Behavior

Ballistic impact behavior of typical woven fabric E-glass/epoxy
composites has been studied. Mechanical properties of the target
plate and the other details are given in Table 2 for a typical woven
fabric composite studied. The same set of properties has been used
for the study of materials used by Gellert et al.13 and Kumar and
Bhat.11

The compressive stress–strain curve along the thickness direction
and tensile stress–strain curve along the radial direction for the wo-
ven fabric E-glass/epoxy composite at high strain rate are obtained
by a separate study.

Details regarding load-displacement behavior under quasi-static
loading for the study of frictional resistance are also obtained by a
separate study. The plot obtained under quasi-static loading is used
for the calculation of frictional energy during the ballistic impact
event. The frictional resistance is offered by the target for the move-
ment of the projectile during the third stage of the ballistic impact
event. During this stage, the velocity of the projectile is less. Con-
sidering this, the plot obtained under quasi-static loading is used for
the calculation of frictional energy during the ballistic impact event.

Table 1 Ballistic impact test results and analytical predictions for typical woven fabric E-glass/epoxy composites

Projectile Projectile Target VBL, m/s
mass diameter thickness Experiment
m, g d, mm h, mm Predicted Experiment results Remarks

3.84 6.35, 19 550.894 563 Penetrated Gellert et al.13

flat ended
3.84 6.35, 14.5 452.546 473 Penetrated Gellert et al.13

flat ended
3.33 4.76, 19 508.80 505 Penetrated Gellert et al.13

flat ended
3.33 4.76, 14 392.98 389 Penetrated Gellert et al.13

flat ended
3.33 4.76, 9 269.03 293 Penetrated Gellert et al.13

flat ended
5.84 6.33, 7 174.29 173 Not Present study

flat ended penetrated
5.84 6.33, 5 142.50 148 Penetrated Present study

flat ended
5.00 6.00, 25 559.112 547 Penetrated Kumar and

flat ended Bhat11

C. Comparison of Predicted and Experimental Results
Ballistic limit velocity has been predicted for different target

thicknesses and projectile parameters using the analytical method
and the mechanical and other properties presented in Table 2. The
results are presented in Table 1 and compared with the experimen-
tal results. It can be seen that there is a good match between the
analytically predicted and experimentally obtained ballistic limit
velocities.

VIII. Ballistic Impact Behavior of Thick Composites
The energy absorbed by different energy-absorbing mechanisms,

projectile kinetic energy, projectile velocity, contact force, dis-
tance traveled by the projectile, and longitudinal and shear waves
along the thickness direction are evaluated as a function of time. Fur-
ther, tensile strain at the failure of the layer is obtained as a function
of time and target thickness. The distance up to which longitudinal
and transverse waves have traveled along the radial direction until
the failure of the layer and damage variation along the through-
the-thickness direction are also presented. A typical case study is
presented next.

The following data are used for generating Figs. 5–9:
1) The target material is a woven fabric E-glass/epoxy, where

h = 19 mm.
2) The projectile parameters are d = 6.35 mm, m = 3.84 g, and

V = 550.894 m/s.

Table 2 Input parameters required for the analytical predictions
of ballistic impact behavior

Item Reference Data

Projectile Mass 5.84 g
(cylindrical) Shape Flat ended

Diameter 6.33 mm
Target Material E-glass/epoxy

V f 50%
Thickness 5 mm
No. of layers 19
Density 1850 kg/m3

Tensile failure strain 3.5%
Compressive failure strain 13.5%
Shear plugging strength 90 MPa

Other Compressive stress–strain curve Plot
Tensile stress–strain curve Plot
Quasi-lemniscate factor 0.9
Delamination percentage 100%
Matrix crack percentage 100%
Strain energy release rate, mode II 1000 J/m2

Matrix cracking energy 0.9 MJ/m3

Frictional energy absorbed Plot
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Fig. 5 Energy absorbed by different energy absorbing mechanisms during ballistic impact event: V = 550.894 m/s, m = 3.84 g, d = 6.35 mm, h = 19 mm,
woven fabric E-glass/epoxy laminate.

Fig. 6 Energy absorbed by different energy-absorbing mechanisms and tensile strain at failure of layer during ballistic impact event: V = 550.894 m/s,
m = 3.84 g, d = 6.35 mm, h = 19 mm, woven fabric E-glass/epoxy laminate.

In this case, just the complete perforation of the target by the
projectile took place, that is, the tip of the projectile was at the back
face of the target at the end of the ballistic impact event. Hence,
V = 550.894 m/s is the ballistic limit velocity. The projectile kinetic
energy decreases during the ballistic impact event. This is because
the energy is absorbed by the target by different mechanisms. As
explained in Sec. IV, the ballistic impact event is subdivided into
three stages. During the first two stages, damage is taking place up
to the back face of the target, and the energy is absorbed by different
mechanisms expect for frictional energy. As can be seen from Fig. 5,
for the case considered, the second stage ends at 8.1 µs. During
the third stage, energy is absorbed only because of the frictional
resistance offered as a result of the movement of the projectile. For
this case, at the end of the ballistic impact event, that is, at time

359.43 µs, the velocity of the projectile is zero (Fig. 7). The contact
force increases during the first and second stages and decreases
during the third stage.

The major energy-absorbing mechanism is shear plugging. Sig-
nificant energy is absorbed by compression of target in the region di-
rectly below the projectile (region 1) and because of friction. Energy
absorbed by matrix cracking, delamination, tension in the yarns,
and compression in the surrounding region of the impacted zone
(region 2) is relatively less (Fig. 6).

Tensile strain in the yarns at failure of different layers is shown in
Fig. 6. It can be seen that the tensile strain exceeds the permissible
tensile strain only in the last few layers. It indicates that only the
last few layers fail in tension. The other layers fail because of shear
plugging. Figure 6 presents the time interval when a particular layer
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Fig. 7 Projectile velocity and contact force during ballistic impact event: V = 550.894 m/s, m = 3.84 g, d = 6.35 mm, h = 19 mm, woven fabric E-
glass/epoxy laminate.

Fig. 8 Distance traveled by projectile and waves along the thickness direction during ballistic impact event: V = 550.894 m/s, m = 3.84 g, d = 6.35 mm,
h = 19 mm, woven fabric E-glass/epoxy laminate.

fails, and it is plotted as a function of thickness. Among those layers
that fail in tension, it can be seen that lower layers fail earlier than
the layers above them. This is because of bulging effect on the back
face of the target.

Projectile displacement during the ballistic impact event, that is,
distance traveled by the projectile, is shown in Fig. 8. At the end of
the second stage, the distance traveled by the projectile is 3.1 mm.
At this stage all of the layers have failed either because of tension
in the yarns/layers or because of shear plugging or because of the
combined effect of both the mechanisms. After this, during the third
stage the projectile along with the plug formed would move further
toward the back face of the target. Because the velocity of the projec-

tile is less during this stage, the time taken for the projectile to move
further is significantly higher. The distance traveled by through-the-
thickness longitudinal and shear waves is also shown in Fig. 8. This
would be only up to the end of second stage because the yarns/layers
fail by the end of second stage.

Distance up to which transverse and longitudinal waves have
traveled along the radial direction is shown in Fig. 9. The radial
distance indicates the distance to which the waves have reached
when the corresponding layers fail either because of tension or shear
plugging or the combined effect of both the mechanisms. When the
induced stress exceeds the permissible strength, the fracture of the
yarns would take place. But much before that, clear damage zone
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Fig. 9 Distance up to which transverse and longitudinal waves have traveled along the radial direction and damage variation along the thickness
direction during ballistic impact event: V = 550.894 m/s, m = 3.84 g, d = 6.35 mm, h = 19 mm, woven fabric E-glass/epoxy laminate.

can be seen within the layers whenever the induced stress exceeds
the damage initiation threshold stress. This damage is caused by
either delamination or matrix cracking.

IX. Conclusions
An analytical method is presented for the prediction of ballistic

impact behavior of thick composites. It is based on wave theory and
energy balance between the projectile and the target. By using the
analytical method, studies have been carried out on typical woven
fabric composites.

The major energy-absorbing mechanism is shear plugging. Com-
pression of the region directly below the projectile (region 1) and
friction between the projectile and the target also absorb significant
energy. Energy absorbed by matrix cracking, delamination, and ten-
sion in the yarns and compression in the surrounding region of the
impacted zone (region 2) is not significant.

Appendix: Normalized Strain Profiles Along
the Radius at Different Time Intervals

Figure A1 presents normalized strain profiles along the radius
around the impacted zone at different time instants. This variation
is because of stress attenuation. The maximum strain would be at
the periphery of the projectile, and strain would decrease along
the radius. Whenever the strain at the point of impact exceeds the
permissible strain, the fiber/yarn breakage would take place because
of tension. At that instant of time, sufficient damage would have
occurred around the point of impact even though the strain is below
the ultimate fiber/yarn fracture strain. If the strain in this region
is above damage initiation threshold strain, clearly visible damage
would be seen in this region. Normalized strain profiles at time ta

and tb are shown in Fig. A1. At time ta the damaged zone radius
is da , whereas at time tb the damaged zone radius is db. The radius
db would nearly indicate the radius of damage zone at the end of
ballistic impact event. The fiber fracture would take place at this
time instant.

Damage initiation threshold stress can be explained with respect
to tensile testing of composite specimens. As the specimen is loaded
and it starts elongating, visible damage might not be seen. As the
loading is increased, at certain stress level, clear damage can be seen
in the form of matrix cracking and delamination. The stress level
at which damage initiates is the damage initiation threshold stress.
This is a material property. As the tensile load is further increased,

Fig. A1 Strain profiles at different time instants.

tensile fracture of the fibers/yarns would take place when the stress
level reaches to the ultimate tensile strength value. Damage initiation
threshold strain can be defined as a fraction of ultimate tensile strain
value.
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